MCV 4U - 8.7 (Applications of Dot and Cross Product) May 11, 2018

Learning Goal: I will be able to solve problems
involving the dot product and the cross product.

Minds ®n: Doorknobs

Betion: Note and practice on page 414

Consoelidation: Exit Question
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Minds On

Cross Product

Determine the Dot Product and Cross Product
of vectors a and b.

a=(3,-2,95)

b=(1,-4,-1)
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Minds On
Units

What unit is used to measure work done?

j@w\ag - \N\ﬂl
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Betion

7.7 Applications of the Dot Product and Cross Product

Physical Application of the Dot Product: When a force is acting on an object so that the objectis moved

from one point to another, we say that the force has done work. Workis defined as th@of@
distance an object has been displaced and the component of the force along the line of displacement.

) N

Formula for the Calculation of Work

. S . . ) WD(\<2R(<b$9*r§\
W =f -5, where f is the force acting on an object, g
NE LA

measured in Newtons (N); § is the displacement
!\/ ) — _ -
S W=t o

/g oY
of the object, measured in metres (m); and W is\ [

the work done, measured in joules (J).
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Betion

Example 1: Marianna is pulling her daughter in a toboggan
and is exerting a force of 40 N, acting at a 24’ to the ground.
If Marianna pulls the child a distance of 100 m, how much
work was done?

\/\}: MO<0$9 s (OO

yon ;
7y : 0 ( b
e (.7 - 40100 x5
4 o Iom W= Vv
Ocosp

NRLIEEREN)



MCV 4U - 8.7 (Applications of Dot and Cross Product) May 11, 2018

Betion
The Cross Product

Like the dot product, there are two ways to
define the cross product.

Yesterday we defined the cross product
algebraically, now we will define it
geometrically.

L= s



MCV 4U - 8.7 (Applications of Dot and Cross Product) May 11, 2018

—y —% = — —3 —
Theorem: For two vectors, a and b, |a x b| = |a| |b|.i;i|1 1, where @ is the angle
between the two vectors.

Proof: The formula for the cross product is

axXbh= (axby — asbs, azby — a\bs, ajby — asby)

Therefore, |E X §|2 = (asby — azhs)* + (azb; — a\hy)* + (a1by — ash)?
The right-hand side is expanded and then factored to give

|Ef X EP = (a g+ at + {132)“?]2 + bi + fh?} = (a\b) + axby + ﬁ3b‘3)2

This formula can be simplified by making the following substitutions:

||'f_1"r|2 = :f][|3 + c]'jz + {132, |EE = .IF_-‘-'|2 + E?zz + bjz, and
|Ef||£:-|c:ﬂﬂﬁ = aiby + axb; + azbs

Thus, |7 % 5|2 = [@2[p|2 — |@|2[|%cos? 6 (Factor)
@ % B2 = [@2p2(1 — cos?0) = [d]2[b|*sin? 6 (Substitution)
@ x b| = + |d||b|sin 6 /)

But since sin # = 0 for 0" = 6 = 180, “\

@ % b| = |d||b|sin

This gives us the required formula for the area of a parallelogram, which is
equivalent to the magnitude of the cross product between the vectors that define
the parallelogram.
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Action

Geometric Application of the Cross Product: The cross product of two vectors, a and 5, can be used to
calculate the area of a parallelogram.

The formula for a parallelogram is |d@ X 5|, and |d X 5| |d'||5|sin8.
~——

Example 2: a) Determine the area of the parallelogram determined by the vectors p = (-1, 5, 6) and
q = {2J 31 -1)'

b) Determine the area of the triangle formed by the points A(-1, 2, 1), B(-1,0, 0), and C(3, -1, 4).
VA= peg| A
A :\Rz; W) HC1)E
>€ N sy

Z\{/ ” A: 24)(7 vm'n‘f
5><3?2~
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Betion

Geometric Application of the Cross Product: The cross product of two vectors, d and 5, can be used to
calculate the area of a parallelogram.

The formula for a parallelogram is |d x §|, and |d x S| = |E1’||§|sin8.

Example 2: a) Determine the area of the parallelogram determined by the vectors 5 = (-1, 5, 6) and
qg=(2,3,-1).
b) Determine the area of the triangle formed by the points A(-1, 2, 1), B(-1,0, 0), and C(3, -1, 4).

b)

/ ) -~
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BAction

Example 3: Without calculating, explain why the cross product of j and KisT.
A2

(000 - — -

Y| e

LY

=Y
‘ ) (0,1,0)

C1,0,0)
X

11
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Betion

Physical Application of the Cross Product: When we have forces that involve
rotation, or turning about a point or an axis, we can use the cross product.
This rotating force happens in everyday life when tightening or loosening a
nut using a wrench, or when pedalling a bicycle, or when opening a door. In
each of these examples, there is a rotation about either a point or an axis.

12
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Betion

In the diagram below, a bolt with a right-hand thread is being screwed into a piece of wood by a wrench
The force, f, is applied to the wrench at point N and is rotating about point M.

The torque, or the turning effect, of the forcef about the point M is defined to be the vector# x f This vector is
perpendicular to the vectors rand f To find its direction, we used a right-hand grip rule as follows: If you grip the

imaginary axis of rotationat the point M so that your fingers pointin the direction of theforce, then your extended
thumb pointsin the direction of the torque vector.

13
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Action

Example 4: A 20 N force is applied at the end of a wrench
that is 40 cm in length. The force is applied at an angle of
60° to the wrench. Calculate the magnitude of the torque
about the point of rotation M.
0.40M
M Y40 <

= — - - -
¢o°

f-20n/

T = 20N x 0400 x 5in b0
NN

14
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Consolidation
Exit Question

A wrench is used to tighten a bolt. A force of 60 N is
applied in a counter clockwise direction at 80° to the
handle, 20 cm from the centre of the bolt.

a) Calculate the magnitude of the torque.
b) In what direction does the torque
vector point?

15
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